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Abstract. Let field variables £(x) =(q, p) be a set of coordinates on the x*"-dimensional
cotangent bundle T*M and V,, V,, the Hamiltonian flow vectors of T*M. The canonical
variational 2-form &7(£) is defined by
- . {8G 8F 8G &F
o NV, V=L dN\— —~—
8q' 8p, op, 3q'
and obtained as &(£) = [ d"x 5.p, A 5q‘. The condition of the field canonical transformation
g:¢— n becomes 67(¢) =& (n). The general theory of canonical transformations of fields

is established. In particular, some examples of solving field equations and of field quantisa-
tion are given.

1. Introduction

The Hamiltonian expression of classical mechanics has two distinct advantages. First
it is convenient for canonical quantisation. Second it allows us to make the canonical
transformation. The use of exterior differential forms makes the advantages more
obvious. The typical instances are the canonical transformation described by the
canonical 2-form [1] and the achievement of geometric quantisation.

In field theory, the canonical transformation is ignored. The cause is probably that
the canonical transformation of fields has some particular difficulties indicated by
Goldstein in his classical mechanics textbook [2]. In this paper, we will show that
those difficulties may be overcome and establish therefore the theory of canonical
transformation of fields.

We give first the definitions of the basic variational form and the canonical vari-
ational 2-form. These are the direct extension of the corresponding differential forms.
Then we prove the canonical transformation theorem, namely that the Poisson brackets
of fields or canonical variational 2-form are invariant under the canonical transforma-
tion. We also discuss the Lagrange bracket of fields, the infinitesimal canonical
transformation and the generating functional. Lastly, by using the theory of field
canonical transformation, we easily solve a field equation and give the canonical
transformation method of field quantisation.

In the paper, x =(x, —t) = (x', x") denote the (n+1)-dimensional spacetime coor-
dinates. The field variables g(x), Q(x) and their conjugate canonical momenta p(x),
P(x) are identified as

£ (x)=q'(x) 7" (x)=Q'(x) a
E9(x)=pi(x) 7' (x)=P(x) o

m+i

(1)

i
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which are two sets of coordinates on the non-countable a*"

bundle T*M, where m is the number of field components.
Throughout the paper we adopt a summation convention for repeated indices: a

greek index runs from 1 to 2m and any other index run from 1 to m unless it is

particularly stated otherwise. The tilde above a letter denotes the variational form and

bold face denotes the Hamiltonian flow vector [3].

-dimensional cotangent

2. Canonical variational 2-form

For brevity we introduce the matrix

0 1
Y= _I 0 :(Yuu)

where by I we mean the m x m unit matrix. Using y and (1) we can simply give the
following definitions.

Definition 1. For any functional F[&(x)]} and the parameter s, the Hamiltonian flow
vector is

a¢" oF

VF =Te€,= ‘yﬁu 55/3 €,

=Vie,. 2
as F (2)

Definition 2. The basic variational form 8¢“ is a linear real function 5¢": T*M > R
which satisfies the following:

(i) 5§“ (Ve)= Vi where the 5_6“ are dual to e, (3)

(i1) all of the 8¢” (a =1,...,2m) and their exterior products obey the rules of the
Grassmann algebra.

Definition 1 is the extension of the Hamiltonian flow vector in classical mechanics

and definition 2 is the extension of the differential form [4]. From definition 2 we have

Se“ n 8¢P = =8¢ A B¢ (4)

<.z BE“ (V) 5&(%)}

BEC A BEP(V,, V, =det[~‘ -

c < ( 1 _) 5§“(V:) 5{513(‘/2)

and so on. Further extending the differential form, we obtain another definition.

(5)

Definition 3. The variational k-form in the oc*"-dimensional cotangent bundle T*M is
@b = J d"x w,, . BE A .. A BE (6)
where [d"x w,, ., is a functional of &

According to (6), the functional F[£(x)] is a O-form, the variationa! 1-form and
2-form can be written in general as

G'= J dx wbe ai= J A"X w,sBE" n 58" (7)

In order to evade the question of defining the functional product, we avoid the definition
of exterior multiplication. Here, we give the definition of the variation of a form.
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Definition 4. The variation of the k-form is a (k+1)-form, i.e.

-~

5 . . .
wh = j d"x Doy BEP ABE A L. ABET. (8)

Let G[£(x)]be an arbitrary functional in T* M ; then application of (2) and (3) yields

~ 56 ~ "
GV, )= J d'x o 68" (Vi) = J d"x— vz,

—=1G, Fl, (9)

where the square bracket denotes the Poisson bracket. Making use of the properties
of the Poisson bracket, we have manifestly the skew symmetric equation

8G(Vp)=—=8F(V,). (10)

A special example of the functional is

Flé(x)]=¢"(x)= J d'x" 8" (x = x)EM(x) (1
with Dirac’s 8§ function 8"(x’'—x). Inserting this into (2} yields
I3 i ,

Let A7y be the volume element of space, we can easily prove that V.- is a unit flow
vector 5]

1
Vo= lim — 6 S
¢ ATy —=0 A‘Tﬁ BMYH

Given (12), we have the basic Poisson bracket
SE (Vo) =[£"(x), &*(x)]. = 1,8 " (x —X). (13)
Now let us give the definition of the canonical variational 2-form.
Definition 5. Let F and G be arbitrary functionals in T*M, and let V. and V be the
corresponding flow vectors, then the canonical variational 2-form ¥(¢) is defined by
YEUVE, Vi) =[G, Fl.. (14)

Let us find the y(£). From the general form of &” in (7) and applying (3), (5) to
(14), we obtain

Ve, Vo) = J d"x w, , B¢ A BEX VL, Vi)

= f d"x w, s [BE" (V)65 (V)= 8E" (V) 8E° (V)]

_ " 6F 6G O8F 8G
=1 d"X Vi ¥os 5575_5‘_:5? e )

The right-hand side of (14) is given by (9). By comparing these we see that w,z¥,.V.s =
3¥,.. Since the matrix v is orthogonal and antisymmetric, we therefore have w3 = 1,z
Inserting this into (7), we obtain the canonical variational 2-form

Y€)= J d'x 1y,406" 1 5€". (15)

It is obvious that the geometric sense of y is a sum of unit (g, p) planes.
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3. Canonical transformation theorem of fields

Now we consider a coordinate transformation £- 7 in the cotangent bundle T*M.
For arbitrary functionals F and G of 5, we define the Poisson bracket by

oF =~ 5C
ITREETT

[F, G]W=J‘d"x (16)

Then we have the canonical transformation theorem of fields.

Theorem. Let ¢ be a set of canonical variables on T*M, for arbitrary functionals F,
G and non-zero constant Z; then the mapping g: ¢~ 7 is canonical if and only if

[F,G],=Z[F, G],. (17)

This theorem can be proved by using the method which is similar to one used to
prove a corresponding theorem in mechanics [6], because the Poisson brackets of field
theory and mechanics have the same algebraic properties.

In the n notation, the canonical variational 2-form is

f'(n)=Jd"x Yy 0n* a bn” (18)

the Hamiltonian flow vector generated by F is

an* 8F

VF = os ep. = ')’uyg €, (19)

and corresponding to (14} we have

Therefore from the theorem (17) we obtain a condition of canonical transformation
in the form

y(n)=Zy(¢) (21)

i.e. the sum of unit (Q, P) planes is equal to the sum of unit (g, p) planes multiplied
by Z.

Letting (21) act on the double unit vector (V,, V), we obtain the direct condition
of canonical transformation [2]

87 5¢*
= Zy .
‘yﬁ# afp yl‘u 5771‘ (22)
Expanding the left-hand side of (21) directly yields

-'( )___l_ dn 6' n 5 e 1 dn dn /dn " an“_éig a 5 B
y(n)=: X Yu0n" A8 =3 X X AT v S aeP £° A BET.
Comparing this with the right-hand side of (21), we obtain the basic Lagrange bracket
of fields

v I

) )
(€9 (x), €8(x)} = J d"x 75—;7— gZTs= Zy4.8" (x = x). (23)
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Now we show that the infinitesimal canonical transformation satisfies (21). In the
following discussion, the k =2 order infinitesimals (Ar)A are omitted. We assume an
infinitesimal transformation generated by Hamiltonian H in the form

f(:_ftt+At§'(1_£zx+At ﬂ
S T %o o %o 'thus‘f(,;-
Calculating the corresponding forms by SF = [ d"x(8F/ 5¢)6¢°, we find

-

. . 8 H -
&t =885 +Ar | d'x vy, ——— &¢*
£ J Vs aEs
where index o denotes the old coordinates. Using exterior products to form ¥,

~ - ~ 8H - x 8H .
@ . « nt 8 nn o
7<1B6£ A5§5”711[5(6§0+A[Jd X Yia 6§56§é 5§ﬁ)/\(6§0+‘3r‘[d X 7;)[36§§5§g 5§o>

= y(,ng(‘; A 555 + Yop At J d"x d"x"

8°H - . 8°H . .
X<7m~———75§§Aﬁéf—ym-———:SﬁsAéﬂj
BE4 B, B8,

N

BE6 8¢

= ‘)’aagff,' A SEP —2A1 J‘ d"x d"x" SeP A e

The second term is zero because the functional derivative factor is symmetric under
index interchange and the exterior products are antisymmetric. Therefore

ﬂU:Jd%yw&"A&ﬁ=Jduxﬁ&gA&g=fml (24)

From this we see that the canonical variational 2-form is an invariant form in the
motion. If we divide the T*M into many cells formed by (8¢'e;, 86" e,,.,), then (24)
implies that

j d"x y,,5¢" A 5&° = constant.

Let us show that the field canonical transformation may be generated by some
generating functionals, as is the case for classical mechanics. Setting some 1-forms as
the following:

s A2

Go= BB = 8, =
since 5:,/7, = —5153 = 5;[73 = -&/74, we may obtain

by ===y =~ (26)

We define the generating functional G, as

G, =fi-fi Gy=fi+ /s Gy=f,+ /i Gi=fi—fs. (27)
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Applying (25), (26) and (27) we have the condition of canonical transformation in the
new form

561 — flé’glh‘?l _ T’lgn)ﬂ'l gG: — _5/711‘1551 - nlgn'”?l
6“'61 — _‘E,g_f,”', _ 77!”"57]’ 564: §IH’I(§§I —_ T)!H’lgnr'
Using (21) with Z =1 we find 526, =0.
We see that the three conditions (22), (28) and (21) on the canonical transformation

are respectively expressed by O-form, 1-form and 2-form.
As is the case in the differential form, we have the Stokes theorem in variational form

J ¢5‘=J St (29)
ol {

where aU is the bound of range U in T*M.

(28)

4. Canonical transformation approach to classical and quantum fields

In this section we study the applications of the method of field canonical transformation.
We give two examples of classical and quantum fields. Through these examples, we
point out the technique and meaning of applying the method of canonical transforma-
tion to fields.

4.1. Solving non-linear field equations with the canonical transformation
Considering the sG equation
¢11-¢\\_¢\\'¢:::Sin‘p (30)

in four-dimensional spacetime, we will find its plane soliton. The canonical field
variables are

Q=¢ P=m=g¢,.
We make a canonical transformation g: (Q, P)— (g, p) such that
qg=Ax+By+ Cz+ Dt (31)
p=Jd3.v—§(é, T=iVe Ve tceos¢)
=Jd"‘x(er3+2«cos ¢) k*=D-A"-B-(C* (32)
2D k-
where 7= D d¢/dg. The density of the new generalised momentum p is
/zz'—l— Tf:+[_),COS ¢. (33)
2D k-

We easily see that the transformation given above satisfies the direct condition (22)
of canonical transformation, namely

de_op _op_m

dg 6w am D
(34)

dg 8¢  a¢ ‘elae) B

dn Sp 84 A p an D |
S - T L =TT . =TT Fsln(}‘
3 )
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because from (34) we can obtain k*(d”¢/dg”) =sin ¢. This is the same as the result
obtained by inserting (31) into (30). From (34} we find easily that

e _p(ede o)

dt dg de dg am dg

this implies p and 4 are the constants of motion. Then we can solve (33) for 7 and
use it in (34), arriving at the plane-wave solution of (30):

d
q-q“=ij r (35)
N(2/D)p=(2/k ) cos ¢

By appropriately selecting D and k, from (35) we can easily obtain the plane soliton
of the sG equation.

Applying the above-mentioned method, obviously, we can obtain the plane solitons
of the non-linear KG equations obtained in many articles such as [7,8] and the
corresponding results for any n-dimensional case. Inspecting the example given above,
we find that it has a few characteristics such as the following.

(a) The new canonical variables are without clear and definite physical meaning;
this is in agreement with the corresponding results in classical mechanics. On one
hand, the g in (31) is a generalised field coordinate; on the other hand, the space
coordinates x also act as indices. Goldstein thinks that this cannot be accepted by the
theory [2]. But, just as we see from (34), the relations between g and (¢, 7) satisfy
the condition of canonical transformation indeed. We must accept this fact! It looks
as if we ought not to investigate the physical meaning of the new canonical variables.

(b) The new generalised momentum and its density are constants of the motion;
this is one of the cruxes of simplifying the problems. The canonical transformations
in mechanics are also done in this way. Seeking some constants of motion and taking
them as the canonical variables can simplify the problem of solving field equations.
The canonical transformation can otherwise make the problem more complicated.

(c) Evading the generating functional and making use of the condition of direct
canonical transformation are another key to simplifying the problems. We have studied
the similar case in mechanics [9].

According to the above-mentioned characteristics, we can rapidly find the appropri-
ate new canonical variables and simply obtain the solutions for some field equation.

4.2. The canonical transformation method of field quantisation

In the canonical quantisation theory of classical dynamics, the rectangular coordinates
x' and their conjugate momenta p, are the basic canonical variables. The Poisson
brackets taking x', p, as arguments are the basic brackets. For the basic Poisson brackets
of the dynamic variables F and G, the canonical quantisation conditions are such
that [10]

[F,G]l= FG-GF =ih[F, G],, (36)

where F, G are the corresponding Hermite operators.

As a dynamic system, the field has its energy-momentum [11] p, (x=0,1,2,3).
What is the conjugate canonical coordinate of p,? According to the correspondence
between field and dynamics, we may assert categorically that one conjugate to the
momentum p, of the field must be the space coordinate x'! In fact, {11] and many
other articles have used this assertion to handle the problem of the translation invariance
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of fields [12]. Maintaining (x, p) as the canonical variables of fields, from (22) we
obtain the momentum equation

S _9m o _d¢
S ax' Sm,  bx'

- i=1,2,3 j=1,...,m (37)
7

Conversely, from the course in field theory obtaining that (x, p) satisfy the direct
condition (37) of the canonical transformation, we may assert that (x, p) are the
canonical variables of fields. As for the sense of the generalised coordinates x' of
fields, we do not investigate this. As in the dynamic case, we maintain that (x, p) are
the basic canonical variables of fields, then the quantisation conditions of the basic
Poisson brackets of fields are just (36). Given (17) and (13), we easily obtain from
(36) the commutation relation of the field variables (¢, 7):

[‘P’(x), 77'j(x!)] = lh[‘Pl(x)s ﬂ;(x,)]\‘p =]Zh[¢l(x)a Tr/(x’)]wﬂ'
=1h6,6"(x —x') for Z=1. (38)

Here, we have considered a restricted canonical transformation with Z =1. This kind
of restricted case is universal in classical dynamics.

If we now make a canonical transformation with Z =1, then we have the annihilation
and creation operators of the particles after the quantisation. This method of field
quantisation is new and simple. A clear example on the canonical transformation with
Z =1 is the complex transformation [13].

As an example, let us consider a complex canonical transformation in matrix
form [14]:

n"(k)=(277)—3’/3J>dRXJ(,B(kX)fEB(X) (39)
where &= (¢, w) are the scalar field variables and k denotes the momentum of the

particles. We require the energy-momentum of the fields in terms of the particle
number operator, which retain the usual form

P = J d*k kM(N+%): J' d*k %kH(n”n +nﬁn”)"y”ﬁ

w=01..., n (40)
Thus J,4(kx) in (39) must satisfy the following relations:
-]uf—;-‘]:!:f ‘]u.mfl’:‘]?:_mvi
‘]/iz_']m‘v-[.i ‘,;‘,mfi:jm*/'_mrl
Vg Jow (kX )y (K'x) =8, e!'h R0 (41)
B M B H
Yordior (kx ), (K'X) =iy, e FH
Jok=1,...,m a, B u,v=1,...,2m.

Therefore we have the Poisson brackets

[n“(k), n?(k)]=Q2m)" J d'x v, do o (kx) g, (K'x)

= J dx(27) My, e T =iy, 87 (k- k). (42)



Canonical variational 2-form 5041

After the quantisation this becomes
[0 (k), 0" (k)] = yaud (k= k") (43)

where the 7 are just some kind of creation and annihilation operators. The difference
between n and the corresponding operators [11] (a, a } in the general field theory lies
in the fact that any " is the linear combination of all ¢ and any a, is only related to
part of &

The inverse transformation of (39) is

£(x)=Q2m) " :Jd"kJ;‘(kx)nB(k). (44)

This shows that any ¢' relates to all of the creation and annihilation operators 7, but
the ¢' in (a, a') notation does not have this property. A matter deserving of attention
is the fact that, in the n notation, although the form of energy-momentum of the free
fields in term of the particle number operator N ='n""'=a,a, is not changed, the
form of the Hamiltonian of the interactive fields will be changed. This will directly
affect the calculating of results for the scattering matrix elements. We wish by applying
the method to improve the original results and by making the linear or non-linear
canonical transformation to eliminate some divergent terms in the scattering matrix
elements.

In addition, applying the theory established above to the calculus of variations and
the variational principle of fields [15], there is still more interesting work. From [16]
we may see the gauge transformation in field theory as a canonical transformation.
This will be studied further in future papers.
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